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Clustering of noise-induced oscillations
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The subject of our study is clustering in a population of excitable systems driven by Gaussian white noise
and with randomly distributed coupling strength. The cluster state is frequency-locked state in which all
functional units run at the same noise-induced frequency. Cooperative dynamics of this regime is described in
terms of effective synchronization and noise-induced coherence.
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When self-sustained systems are coupled their coopera&ally, a population of identical units with the same coupling
tive behavior reveals a set of dynamical patterns of which th@roperties serves as the simplest model under consideration.
most interesting ones are clustering, coherent structures, ama nature, however, full identity in properties and operating
synchronization. Synchronization effects have also been oleonditions would be idealization. In our work, in the contrast
served in stochastic systems where noise controls the chaw the previous studies, we investigate ordering effects in
acteristic frequency of the systefi—3| and may enhance assemblies of elements that &frenonhomogeneous, i.e., the
synchronization[4,5]. Array-enhanced coherence behavior activation parametew; are random numbers distributed uni-
has been also intensively studied in noisy extended systenisrmly on [1.0;1.1]; (ii) subjected to stochastic forcing by
[6-8]. Gaussian white noisg (t) that is statistically independent in

Clustering, i.e., formation of group of functional units space and with zero mean value, (&)= 6 8(t
with similar propertiegamplitudes, phases or frequengiss  —t) and(§j(t)>=0; (iii ) coupled with the strength; that
an important phenomenon that is assumed to underly percepas random uniform distribution on some rangeAofvidth
tion and processing of the information by the brg®j, for [19].
instance. The problem of clustering was formulated and ana- Thus, our model provides disorder between interacting
lyzed in general context in the framework of the phase equaanits in different ways. Interesting question is how such el-
tions[10], of self-sustained periodic oscillatorl], of cha-  ements adjust their motions in accordance to one another to
otic dynamical network§12], and of a chain of bistable reach some kind of coherence?
elements[13]. Vadivasovaet al. [14] showed that cluster In the case of a single excitable system driven by moder-
synchronization is structurally stable to small fluctuations. ate amount of noise, the trajectory can become quite regular,

In this paper we investigate how clustering occurs in ag phenomenon known as coherence reson#@ed [16].
population of nonhomogeneous excitable systems with ranfhe Fourier power spectrum possesses a well-defined global
domly distributed coupling strength. These excitable systemmmaximum. The quantitative measure of coherence resonance
are specially sensitive to external noise demonstrating cohefs so-called regularity that can be calculated [4§] R
ence resonancgl5,1q at appropriate amount of random =)/ \Var(7,), where the pulse duratior is specified as
forcing. Bearing this in mind, we consider spatial collectivethe sum of activation time needed to excite the system from
response of such functional units in terms of effective synthe stable fixed point and excursion time needed to return
chronization and as regularization of noise-induced oscillafrom the excited state to the fixed point. Time averaged pulse
tions with distinct eigenfrequencies. duration identifies the mean period and, hence, the mean

Let us take Fitz Hugh-Nagumo model as the unit in anfrequency(f;)=1/r;) of noise-induced oscillations. Thus,
array. Being originally suggested for the description of nerveyith coherence resonance effect, a noise-driven excitable
pulses[17], it models excitable dynamics in different fields system can be considered as a some kind of stochastic oscil-
ranging from chemical reactions to biological procegd@:  |ator whose behavior can be described in terms of a noise-
~ With x andy being a fast and a slow variable, respec-induced eigenfrequencB] and a phase introduced as the
tively, this dynamics reads position on a stochastic limit cycle0].

3 In our experiments with varying distribution interval of
j (1) coupling strength and for a certain level of noise, three basic
types of space-time behavior in one-dimensional afiayf
100 units can be observed. For a vanishing and very narrow
A the behavior is totally incoherent that is reflected in irregu-
lar pattern of blacKfiring state and white colorgFig. 1(a)].
The firing events in individual units occur at different eigen-
Here, e=0.01 is the small time scale ratio of the two vari- frequences which are randomly spreaded in the range
ables, the parametargoverns the character of solutions and[0.05;0.27 [Fig. 1(b)]. In this case, no stable frequency- or
is responsible for excitory properties of the individual dy- phase-locked groups can be detected. The qualitatively dif-
namics. We use free boundary and random initial conditionsferent behavioral pattern we encounter for broader range of

Collective dynamics of assembly of coupled oscillatorscoupling[Figs. 1c) and 1d)]. The synchronized groups, i.e.,

achieves high importance in biomedical applications. Typi-clusters of stochastic elements, appear. Within each cluster

dx; X
€t XT3 Vit 9i(Xeat X1 2xp),

dyl _

1063-651X/2001/642)/0262044)/$20.00 64 026204-1 ©2001 The American Physical Society



SOSNOVTSEVA, FOMIN, POSTNOV, AND ANISHCHENKO PHYSICAL REVIEW E4 026204

e e e
E::::_—-—__ — ] FIG. 1. Spatiotemporal evolu-
T e tion and eigenfrequencied;) of
= e ] an array of 100 excitable units at
0.40 J D=0.025 for different width of
B T T T L — T T T T T A
b 0.30 coupling range A=0.002 (a,b
®) r and forA=0.1 (c,d). A sequence
0.30 ] 027 ] of clusters is clearly seen in the
— latter case. Black dots indicate fir-
- A I ing events.
£-020 v 024 1 9
0.10 § : 0.21 ﬂ,
000 bttt oag b ]

0 20 40 60 80 100 0 20 40 60 80 100

the frequency difference between any two oscillators van- However, the deviation of pulse durationjzz(rjz)
ishes or is small in comparison with the difference between-( ;)2 is changed within a cluster. It is minimum in the
neighboring clusters. With increasing distribution interval of center of cluster and the difference dn between neighbor-
coupling, the number of clusters is decreagied. 2) while  ing elements increases at the ends of clufiég. 3b)].
finally the global synchronous statene-cluster stajevhere  Thus, with frequency entrainment, oscillators demonstrate
all units fire simultaneously, is achieved. Since the incoherdifferent degree of mutual synchronization.
ent behavior and the totally synchronized behavior are well Frequency-locking entrainment is closely related to the
understood5,8], we focus our study on clustering of noise- phase conditions. For stochastic systems one has to use the
induced oscillations. notion of “effective synchronization[21]. In the presence

Let us consider now an individual cluster as a spatial metaf Gaussian noiséor another random process with unlimited
unit of an array and describe its main properties. Because @fistribution function the phase-locked state has to be inevi-
the given distribution of system parameters, the elements igably broken at some moment. Thus, the system is supposed
cluster have different randomly scattered frequencies foto be effectively synchronized if the phase locking is ob-
vanishing coupling, i.e., there is no correlation between fir-
ing events of different cells. With interaction, a frequency
locking effect that is responsible for cluster formation takes
place [Fig. 3@]. In this case, elements composed cluster
display regular synchronous firings.
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j FIG. 3. Eigenfrequencyf;) (a), deviation of pulse durationj2

(b), effective cross-diffusion coefficierL;; (c), and the noise-
FIG. 2. Reduction of the number of frequency-locked clustersinduced regularityR; (d) within a single cluster. Widths of coupling
with increasing width of coupling rangé(= 0.025). interval and noise intensity are fixed at 0.1 and 0.025, respectively.
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FIG. 5. Synchronouga) and coherencéb) properties along the
7 array with cluster structure for varying level of noise. The width of
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0.00 " 5 ‘02 . (‘)4 5 ‘06 5 ‘08 010 qrgasingj the poherence of temporal and spatir_all structure of
: ‘ ‘ b : ’ ‘ firing process is enhanced and reaches a maximum. At large
noise, the frequency and phase fluctuations grow rapidly and
it leads to the destruction of coherence properties of com-
posed units and, hence, of the spatial coherence structure.
Because of the phenomenon of array-enhanced coherence
resonancd8], the regularity of the whole cluster is much
higher than that of uncoupled elemefit®mpare the curves
1, 2, and the dashed cuijve
Let us turn back to the whole system. Now an array com-
posed by excitable elements can be considered in macro
served during a finite but long enough time determimed level as a sequence of c.Ius'ters' Whose' §ize and st.ructure is
priori. A measure of stochastic synchronization is the Crossgetermlned by random distribution of firing properties and

diffusion coefficientD! —%d/dt[(rﬁjz(t))—((;ﬁj(t))z] [22]. the degree of interaction. Figure 5 illustrates the ordering

: X Ceff™ Sl AT - .. effect caused by the stochastic synchronization and the re-
This quantity describes the spreading in time of an initial _ . : o .
sulting high coherence within each cluster at the optimal

distribution of the phase differenag(t) [23] between the level of noise. The coherence of net output is averaged over

neighboring elements. In our study, cross-diffusion coeffi- .
) e o . a set of clusters. Because of frequency difference between
cient keeps vanishing value within each cludtéig. 3(c)] . . )
; . ; .. Clusters, the regularity of array output is lower than the maxi-
and gets different nonzero values for intercluster units. It fits P
the stronger condition of phase synchronization that provide§ value of each clustécurve 3 in Fig. 4.
9 P y P In summary, we first investigate coherence properties in

high degree of collective entrainment within cluster of sto-

chastic oscillators. Hence, the notion of effective synchroni-an assembly of diffusively coupled excitable systems in a

zation can be generalized to the spatially extended group r]egjme of cluster stochastic synchron.ization. Rapdom distri-
elements. Similar effect has been observed for coupled Va] ution of system parameters responsible for excitory proper-
der Pol oécillators with fluctuatiord 4] fles and strength _of interaction Iead_s to self-orgamz_atmn in

’ the form of clustering that manifests itself as stochastic phase

What are the coherence properties of such frequency: _ . )
locked clusters? It is clearly seen that the regularity exhibitsIOCKIng and as the mean frequency entrainment between a

maximum value within synchronized stdfeig. 3(d)], while group of cells. Qomposed by a number of elements with
| ' different properties, each cluster can be considered as a
the outer-cluster elements demonstrate the lower level of ca-. .. P itabl it exhibiti h |
herence. Comparative analysis of the regularity and puls spatial” excitable unit exhibiting coherence resonance. Its

deviation functions allows us to assume that high coherenc%egree of coherence can be enhanced by tuning the noise

behavior within a cluster is related to svnchronization he_mtensity. Gain of regularity within each cluster is associated
y PR®With the effect of stochastic synchronization. We believe that
nomenon. : ) . =
. . these effects can be of importance for biological applications
In general, the collective response of a cluster is charac- h he back d noi | . lei
terized by two aspects. The first one is synchronization effec ere the background noise may play a constructive role in
that leads to the fre u.enc and phase entrainment. The se rdering phenomena in a large networks of excitable ele-
; quency P . Lo ents through the synchronization mechanisms.
ond one is the regularity of each functional unit due to CR
effect. Remarkably, the regularity averaged over spatial co- We thank T.E. Vadivasova for fruitful discussions. This
ordinate can be maximized within each cluster by tuning thepaper is based upon work supported by the Naval Research
noise(Fig. 4). At weak external noise, a cluster considered ad_aboratory under Contract No. N68171-00-M-5430. The au-
a whole functional unit demonstrates weak coherence ithors acknowledge Award No. REC-006 of the U.S. Civilian
spite of firings in the elements of cluster can occur simultaResearch & Development Foundation for the Independent
neously. This is related to the relatively large fluctuations ofStates of the Former Soviet Uni¢@RDF. D.E.P. acknowl-
the pulse duration of each composed elements. With the iredges Grant No. RFBR N 01-02-16709.

FIG. 4. lllustration of synchronization-enhanced coherence reso,
nance for the systenil) demonstrating cluster structure far
=0.1. The regularity averaged over spatial coordirfatie plotted
versus noise intensity for individual clustefurves 1 and Rand
for the whole array with a cluster structuteurve 3. The dashed
curve corresponds to the uncoupled array.
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